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Ratio data 

Percentages, averages, rates  

 

• Percentage of pupils achieving good results 

• Average grade on entry to university 

• Success rates in hospital treatment 

• Percentage of pupils from disadvantaged backgrounds 

• Percentage of qualified labour 

• Growth rate 

• Market share 
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What is the problem? 

Hospital Patients Successful treatments Success rate 
A 1000 200 20 
B 500 400 80 

C = 0.5A + 0.5B 750 300 40 
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What is the problem? 

Hospital Patients Successful treatments Success rate 
A 1000 200 20 
B 500 400 80 

C = 0.5A + 0.5B 750 300 40 

Note that the average of 20 and 80 is 50, not 40. 

 

 

 

• Ratio data does not generally satisfy the convexity assumption. 
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The standard axioms (assumptions) of DEA 

Following Banker et al. (1984), the VRS technology T satisfies the 
following axioms: 

• T is freely disposable 

• T is a convex set 

• T includes observed DMUs 

• T is the smallest set that satisfies the above (minimum extrapolation) 

 

The CRS technology is additionally fully scalable (ray unboundness). 
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Ratio data and axioms 

Ratio data does not generally satisfy the standard axioms: 

 

• Convexity: see the hospital example 

 

• Free disposability: often bounded by 100% 

 

• Proportionality (Scalability): bounded by 100%, is not proportional, etc. 
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Some possible approaches 

• Use volume data (Amin and Emrouznejad, 2009) 

Requires volume data 
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Some possible approaches 

• Use volume data (Amin and Emrouznejad, 2009) 

Volume data may be unavailable 

 

• Use Free Disposal Hull (Deprins et al., 1984) 

We lose information that volume data allows convex combinations, low discrimination 

 

• Only use and interpret the multiplier model 

The notions of technology, RTS, MPSS, become unclear 

 

• Use R-VRS and R-CRS models (Olesen et al.,  2015) 

Requires extra effort to program 
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The case of VRS: how to fix convexity? 

Hospital Patients Successful treatments Success rate 
A 1000 800 80 
B 500 400 80 

C = 0.5A + 0.5B 750 600 80 

Selective convexity (Podinovski 2005, extending ideas of Ruggiero 1996): 

• We can combine DMUs in convex combinations, provided their ratio 
inputs and outputs are identical.  

 

 



DMU Volume 
Input 1 

Volume  
Input 2 

Volume 
Output 1 

Volume 
Output 2 

Ratio  
Input % 

Ratio 
Output % 

DMU 1 2 5 1 9 10 40 

DMU 2 3 7 3 5 30 50 

C = λ1 A + λ2 B Weighted 
average 

Weighted 
average 

Weighted 
average 

Weighted 
average 

Max Min 

C = λ1 A + λ2 B 2λ1 + 3λ2 5λ1 + 7λ2 1λ1 + 3λ2 9λ1 + 5λ2 30 40 
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What if ratio measures are not identical? 

• Volume measures are combined to form convex combinations 

• Ratio inputs are taken at the maximum level 

• Ratio outputs are taken at the minimum level 
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Axioms of the R-VRS technology with ratio inputs and outputs 

• T is freely disposable (only within certain bounds, e.g., ≤ 100%) 

• T satisfies selective convexity 

• T includes observed DMUs 

• T is the smallest set that satisfies the above (minimum extrapolation) 
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The R-VRS technology with ratio inputs and outputs 

Let XV and YV be the subvectors of volume inputs and outputs. 

Let XR and YR be the subvectors of ratio inputs and outputs. 
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Example of R-VRS technology 

• The R-VRS technology is not convex. 

• For any value of ratio output, the corresponding section of the R-VRS 
technology is convex 
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A numerical example 

Hospital Costs ($) Patients Target time (%) 
A 40,000 70 85 
B 30,000 50 55 
C 60,000 120 90 
D 50,000 65 20 
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Example 

Hospital Costs ($) Patients Target time (%) 
A 40,000 70 85 
B 30,000 50 55 
C 60,000 120 90 
D 50,000 65 20 

Output-oriented R-VRS 
model for Hospital A: 
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Results 

Hospital Costs ($) Patients Target time (%) R-VRS output 
radial efficiency 

A 40,000 70 85 1 
B 30,000 50 55 1 
C 60,000 120 90 1 
D 50,000 65 20 0.672 
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R-CRS technologies 

• What happens if we have ratio measures in the CRS model? 

 

• We need to make an assumption how the proportional change of 
volume measures affects ratio measures. 

 

• Different types of ratio measures exist. 
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Fixed ratio inputs and outputs 

• These are either contextual or quality measures (inputs or outputs) 
that should not change if the volume measure are scaled up or down. 

 

Contextual measures: socio-economic and environmental inputs and 
outputs, such as income per capita (ratio input), academic ability of 
students on entry (ratio input). 

Some quality factors: success rate of hospital treatments, pass rate in 
exams. 
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Axioms of the R-CRS technology with fixed ratio inputs and outputs 

• T is freely disposable (only within certain bounds, e.g., ≤ 100%) 

• T satisfies selective convexity 

• T includes observed DMUs 

• T allows scaling of volume measures while keeping ratios fixed 

• T is the smallest set that satisfies the above (minimum extrapolation) 
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The R-CRS technology with fixed ratio inputs and outputs 
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The R-CRS technology with fixed ratio inputs and outputs 
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Numerical example 

Hospital Costs ($) Patients Target time 
(%) 

R-VRS Output 
radial 

efficiency 

R-CRS Output 
radial 

efficiency 
A 40,000 70 85 1 0.875 
B 30,000 50 55 1 0.833 
C 60,000 120 90 1 1 
D 50,000 65 20 0.672 0.65 

Output-oriented R-CRS 
model for Hospital A: 
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Other types of ratio measures in R-CRS models 

• Proportional  
 

• Downward-proportional 
 

• Upward-proportional 
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Proportional inputs and outputs 

• These are ratio inputs or outputs that are scalable in 
proportion with the volume measures.  

• Unlike volume measures, they do not satisfy the standard 
convexity assumption but satisfy selective convexity.  

 

Suppose we want to assess the efficiency of cities, regions or 
countries.  

Let us assume CRS for volume measures. 

If we normalize inputs and outputs by the population or by GDP, 
we may preserve scalability but will lose convexity (because 
different regions are divided by different GDP). 

Therefore, all scalable ratio inputs and outputs become of the 
proportional type. 
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Downward-proportional ratio outputs 

Example: 

The success rate of operations (ratio output) may improve with 
the scale α, but not in the same proportion. We deliberately 
underestimate the unknown line UAW by the lines BAC. 



29 

Downward-proportional ratio inputs 

Example: 

The mortality rate of treatments (bad ratio output = ratio input) 
may decrease with the scale α, but not in the same proportion. 
We deliberately overestimate the unknown line UAW by the 
lines BAC. 
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The R-CRS technology with ratio inputs and outputs 

Different types of ratio 
inputs and outputs are 
modeled differently 
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Linearized R-CRS 
technology with 
ratio inputs and 
outputs 
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Comparative results 

  Ratio output assumed to be 

Hospital Fixed 

  

Downward-proportional Proportional 

A 0.875 1 1 
B 0.833 0.893 0.893 
C 1 1 1 
D 0.65 0.65 0.65 

• The table shows how the results change if we model the ratio 
output (% treated within the target time) by different ratio types 

• The downward-proportional type is the most conservative type  

• In our example, changing downward-proportional type to 
proportional does not affect the results. 
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Concluding remarks: why use ratio data 

• The underlying volume data may be unavailable 

• use of volume measures may make little sense in the given 
context (income per capita in school assessment) 

• use of ratio measures may be embedded in the organizational 
decision making 

• volume data may be judged to be too sensitive and 
confidential 
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